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Abstract 
This paper develops a comprehensive micromechanical model for the analysis of periodic 
thin composite shells with an embedded grid of generally orthotropic reinforcements. The use of 
generally orthotropic constituents renders the analysis more complicated than with simply isotropic 
reinforcements, but significantly enhances the applicability of the model. The model is derived on 
the  basis  of  asymptotic  homogenization  and  allows  the  determination  of  the  effective  elastic 
stiffnesses (coefficients) of the composite shells. These effective coefficients are only dependent on 
the structural make-up of the pertinent periodicity unit (referred to as unit cell) of the composite 
shell, and are completely independent of the global formulation of the problem. As such, they are 
universal in nature and can be used to study a wide variety of boundary-value problems. In the 
limiting case in which the shell reduces to a thin flat plate with periodicity in the two in-plane 
orthogonal directions, the derived model converges to that of previously obtained models. The model 
is illustrated by means of several examples of practical importance including cylindrical reinforced 
shells, multi-layer shells, grid-reinforced plates and single-walled carbon nanotubes.  
 
Keywords: Thin composite grid-reinforced shell; Asymptotic homogenization; Unit cell; Effective 
elastic stiffnesses; Single-walled carbon nanotubes. 
Introduction 
The  use  of  composite  and  smart  composite  structures  in  existing  and  new  engineering 
applications will be significantly facilitated if the effective properties and coefficients such as elastic, 
piezoelectric, thermal  expansion  etc.  can  be  predicted at the  design  stage. To  achieve  this  goal, 
mathematical  models  characterizing  the  behavior  of  the  said  structures  should  be  developed. 
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Naturally, the geometric model of a composite material with different types of inclusions should be 
as realistic and free of artificiality as possible. On the other hand, it is clear that no single geometric 
model will encompass all cases of materials and all types of reinforcements. Another important issue 
to  be  taken  into  account  is  that  the  microstructure  of  the  composite  structure  formed  by  the 
orientation and distribution of the reinforcing fibers (or inclusions in general) within the expanse of 
the matrix plays a significant role in the macro behavior of the material. Therefore, it is important to 
establish a mechanical model that incorporates the microstructure of the composite and is neither too 
complicated to be described and used, nor too simple to reflect the real properties and characteristics 
of the composite material. 
   The micromechanical analysis of composite materials and structures made up of reinforcements 
embedded in a matrix has been the focus of investigation for many years. Among the earlier models 
that were developed to determine the effective properties of heterogeneous media are the composite 
cylinders and composite spheres models. The latter [1] was developed to analyze shear and bulk 
moduli of macroscopically isotropic composites by treating the inclusions as spherical particles of 
radius ‘a’ embedded in a spherical region of matrix of radius ‘b’ in such a manner that the ratio of the 
radius of the particle to that of the encompassing matrix is constant and independent of the actual 
particle size. Similarly, the composite cylinders model was developed by Hashin and Rosen [2] for 
the analysis of macroscopically transversely isotropic material. In this model, the reinforcements are 
treated as cylindrical inclusions of radius ‘a’ associated with a region of matrix of radius ‘b’. As with 
the composite spheres model, the absolute size of the reinforcements is allowed to vary in order to 
cover all the available continuous material, but the ratio a/b is kept constant. Hill [3] and Budiansky 
[4] extended a self-consistent scheme previously developed for modeling the mechanical behavior of 
polycrystalline materials by Hershey [5], to analyze multiphase media. Due to the multi-constituent 
nature  of  the  composite  structure,  most  micromechanical  models  employ  some  variant  of  an 
‘averaging’ technique to determine their overall or ‘effective’ properties. Examples of the work in 
this domain can be found in [6-15].  
  In many applications especially in the aerospace field, the preponderance of uses for composite 
materials is in the form of plates and shells the strength and reliability of which, combined with 
reduced weight and concomitant material savings, offer the designer very impressive possibilities. In 
many cases these structures have a periodic or nearly periodic configuration with a period much 
smaller than their characteristic dimensions. Consequently, asymptotic multiscale homogenization 
technique is the best candidate for analysis. The general mathematical framework for asymptotic 
homogenization  method  can  be  found  in  [16-21].  The  main  objective  of  the  asymptotic   3 
homogenization technique is to transform a general anisotropic composite medium characterized by 
rapidly varying elastic, conductivity, thermal expansion and other coefficients into a ‘homogenized’ 
which  has  no  such  sub-structure  variations  and  can  be  adequately  described  on  the  basis  of 
‘effective’ coefficients. The methodology converts the pertinent boundary-value problems into a set 
of decoupled and therefore simpler problems for a homogenized medium and for a single unit cell. It 
is  precisely  these  unit  cell  problems  that  enable  us  to  determine  the  aforementioned  effective 
coefficients of the pertinent homogenized medium. 
  Many problems in the framework of elasticity, thermoelasticity and piezoelasticity have been 
solved using such models, see e.g., the pioneering work of Duvaut [22] on inhomogeneous plates; 
Caillerie [23] applied  a two-scale  formalism directly to the three-dimensional problem of a thin 
inhomogeneous  layer.  Accordingly, Caillerie  introduced  two sets  of  “rapid”  coordinates.  One  of 
these, in the tangential directions, is associated with rapid periodic oscillations in the composite 
properties. The other is associated with the small thickness of the layer and takes into consideration 
that there is no periodicity in this transverse direction; Kohn and Vogelius
 [24, 25] adopted this 
approach in their study of the pure bending of a thin, linearly elastic homogeneous plate with rapidly 
varying thickness; Guedes and Kikuchi [26] used a finite element approach to compute effective 
elastic properties (including error estimates) of composite materials; In his monograph, Kalamkarov 
[19],  studied  a  wide  variety  of  elastic  and  thermoelastic  boundary-value  problems  using  the 
asymptotic  homogenization  and  derived  expressions  for  the  effective  properties  of  different 
structures such as laminated and reinforced plates and shells, infinite cylinders with wavy surfaces 
etc.; Kalamkarov and Kolpakov [20] used asymptotic homogenization techniques to derive effective 
elastic and piezoelectric coefficients for a smart plate; Kalamkarov and Georgiades [27], applied the 
asymptotic  homogenization  method  to  general  3-dimensional  smart  composites  with  non-
homogeneous  boundary  conditions  (which  generate  boundary-layer  like  solutions)  and  obtained 
effective  elastic,  piezoelectric,  thermal  expansion  and  hygroscopic  expansion  coefficients; 
Kalamkarov  and  Georgiades,  [28];  Georgiades  and  Kalamkarov,  [29]  obtained  effective  elastic, 
piezoelectric and thermal expansion coefficients pertinent to wafer- and rib-reinforced smart plates; 
Challagulla et al. [30] developed a model to determine the effective elastic coefficients for network-
reinforced composite plates. Georgiades et al., [31] obtained effective coefficients for thin smart 
network-reinforced plates. Georgiades et al. [32] determined the effective elastic, piezoelectric and 
thermal expansion coefficients for prismatic smart composite structures. Other related results can be 
found in [33-39].     4 
   The aim of the present paper is to develop an asymptotic homogenization model to determine 
the effective elastic coefficients of a thin composite grid-reinforced shell, see Figure 1. It is assumed 
that  the  reinforcements  are  made  of  generally  orthotropic  material  which  renders  the  pertinent 
analysis much more complicated than with the simpler case of isotropic reinforcements. Although 
Figure 1 shows a composite shell reinforced with a single family of orthotropic bars, the model 
developed will incorporate an arbitrary number of reinforcement grid families. It will be shown that 
the derived model can be used to tailor the effective properties of a composite shell to satisfy the 
requirements of any particular application by varying the type, cross-sectional characteristics, or 
spatial configuration of the generally orthotropic reinforcement grid. In the limiting case of a thin 
composite  grid-reinforced  plate  with  periodicity  in  the  orthogonal  directions,  the  results  of  the 
present work converge to those of pervious models [19, 30, 31]. 
The rest of the paper is organized as follows: The basic problem formulation pertaining to a 
thin  smart  composite  shell  is  presented  in  Section  2.    Section  3  analyses  the  grid-reinforced 
composite shell and determines the effective elastic coefficients of the homogenized structure. It is 
stressed  once  again  that  the  reinforcing  grid  is  made  of  generally  orthotropic  material.  Several 
examples are considered in Section 4 and, finally, Section 5 concludes the paper.  
 
Figure 1: Composite shell with a periodic grid (single family) of generally orthotropic 
reinforcements. 
 
2. General Problem Formulation  
Consider a three-dimensional inhomogeneous thin layer with wavy surfaces and with a large 
number  of  embedded  and  periodically  arranged  reinforcements,  see  Fig.  2.  This  solid  can  be 
constructed by repeating a certain small unit cell Ωδ in the α1-α2 plane (Fig. 2). All three coordinates 
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(α1,  α2,  γ)  in  Figure  2  are  made  dimensionless  by  dividing  them  with  a  certain  characteristic 
dimension of the solid, D. Furthermore, δ is a small thickness of the shell and δh1, δh2 are the 
tangential dimensions of the unit cell. 
 
 
 Figure 2: Periodic 3D thin composite layer and its unit cell 
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In Eq. (1) functions F
±  characterize the geometric profiles of the top and bottom surfaces (S
+ and S
- 
respectively) that model surface reinforcing elements of the unit cell of the layer. In the case of a thin 
layer with uniform thickness (absence of any surface reinforcement) the functions F
± are set to zero. 
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Here,  Cijkl  is  a  tensor  of  elastic  coefficients,  ekl  is  a  strain  tensor  which  is  a  function  of  the 
displacement field u, and Pi represents body force. All indices take on values 1, 2, 3 with α3 = γ. The 
elastic coefficients Cijkl are periodic functions in the tangential coordinates α1 and α2 with periodicity 
cell Ωδ. Assume also that the top and bottom surfaces of the layer, S
±, are subjected to surface 
tractions pi (not to be confused with the body force Pi) which are related to stresses as follows:  
 
i j ij p n = σ                                                                                                                       (3)  
                                                                            
Here n is the unit vector normal to the surfaces γ




















































± ± ± ±
n                                                   (4a) 
 
 and H1 and H2 are the Lamé coefficients defined by, 
 
( ) ( ) γ κ + = γ κ + = 2 2 2 1 1 1 1 A H ; 1 A H                                                                              (4b) 
 
where  ( ) 2 1 1 α , α A  and  ( ) 2 1 2 α , α A  are the coefficients of the first quadratic form and  1 κ  and  2 κ  are 
the main curvatures of the mid-surface of the layer without account of surface reinforcing elements. 
2.1 Asymptotic Homogenization and Unit Cell Problems 
  The development of the asymptotic homogenization model for the periodic composite layer of 
Fig. 2 can be found in Kalamkarov [19]. In this section only a brief overview will be given in so far 
as  it  represents  the  starting  point  of  the  present  work.  From  the  nature  of  the  problem  under 
consideration, one observes that the associated boundary-value problem will be characterized by two 
different scales; a microscopic (fast) scale that depends entirely on the structure and geometry of the 
unit cell, and a macroscopic (slow) scale that depends on the global formulation of the problem.  
















1 = = =                                                                                        (5) 
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The solution of the pertinent 3D elasticity problem will be represented in terms of asymptotic 
expansions  in  powers  ofδ.  The  constitutive  relations  of  the  equivalent  (homogenized)  shell  are 
obtained in terms of the stress resultants ( αβ N ), moment resultants ( αβ M ) and the mid-surface strains 






αβ αβ > < δ + ε > < δ = k b b N









αβ k zb δ ε zb δ M > < + > < =
∗   (7) 
 
Throughout this work, it is assumed that Greek indicesα,β ,γ  etc. take values 1 and 2, whereas 
Latin  indices,  i,  j,  ketc.  vary  from  1  to  3.  The  quantities > <
λµ
αβ b ,  > <
∗λµ
αβ b ,  > <
λµ
αβ zb ,  and 
> <
∗λµ
αβ zb  are called the effective elastic coefficients of the homogenized shell and are obtained 
through integration of local functions 
λµ
αβ b and 
λµ
αβ b
∗ over the unit cell domain  δ Ω , according to,  
dz dξ ξ z)d , ξ , f(ξ
Ω
1
z) , ξ , f(ξ 2 1
Ω
2 1 2 1 ∫ =   (8) 
  As it is seen from Eqs. (6) and (7), in order to calculate the effective coefficients of the composite 
shell, one needs to determine the local functions 
λµ
αβ b and 
λµ
αβ b
∗  from the following set of problems, 





















                                 (9a) 








± ±     on    





















                       (10a) 
0 b n b n
h
1
3 i 3 i = +





  on  
± = z z                                                                                (10b) 
 
Here, z
±  represent the profiles of the upper and lower surfaces of the composite layer in terms of the 




















z                                                             (11) 
 
 Local functions 
λµ
αβ b and 
λµ
αβ b
∗  are periodic in tangential coordinates ξ1 and ξ2 with periodicity cell Ω, 
but,  evidently,  they  are  not  periodic  in  the  z-direction  and  as  such  differ  from  classical 
homogenization schemes, see Kalamkarov [19].   
In fact, the local functions
λµ
αβ b , 
λµ
αβ b
∗ , are not solved directly from Eqs. (9a)-(10b). Instead, the 






















































∗   (13) 
 
are  used  to  relate  the  local  functions  with  the  yet  unknown  functions    z) , ξ , (ξ U 2 1
lm
n , 
z) , ξ , (ξ V 2 1
lm
n and the elastic coefficients of the material, cijlm.  These functions are periodic in  1 ξ and 
2 ξ  (with respective periods 1 A and 2 A ) but not inz. Hence, Eqs. (12) and (13) are first substituted 
into Eqs. (9a)-(10b), and then the functions 
lm
n U  and 
lm
n V  are determined. These are in turn back 
substituted in Eqs. (12) and (13) to obtain the local functions 
λµ
αβ b  and 
λµ
αβ b
∗ , and finally these are used 
to  determine  the  effective  elastic  coefficients  by  averaging  over  the  volume  of  the  unit  cell  Ω 
according to Eq. (8). It should be noted, as can also be observed from Eqs. (6) and (7), that there is a 
correspondence between the effective elastic coefficients and the extensional,[ ] A , coupling, [ ] B , and 
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zb δ zb δ zb δ
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zb δ zb δ zb δ
zb δ zb δ zb δ
zb δ zb δ zb δ
D                                            (16)      
     
  It would not be amiss to mention at this point that that the coordinates ξ1 and ξ2 involved in the 
local problems are defined in terms of the quantities A1(α) and A2(α), see Eq. (5), so that if these 
latter are not constant (i.e. if the mid surface of the shell is not developing), the effective stiffness 
coefficients will also depend on the macroscopic coordinates α1 and α2. This means that even in the 
case of an originally homogeneous material we may come up with a structural non-homogeneity 
after the homogenization process.  
  Before closing this section, we note that with materials that are periodic in all three coordinates, 
Bakhvalov and Panasenko [17] showed that the symmetry properties of the coefficients involved 
remain the same after the homogenization process. For the problem at hand however, there is no 
periodicity in the transverse direction and so the symmetry properties of the elastic coefficients need 
some  closer  consideration.  Although  they  will  not  be  proved  here,  the  following  symmetry 













ij zb zb ,  b zb ,  b b = = =                                        (17) 
3. Generally Orthotropic Grid-Reinforced Composite Shell 
In  this  section,  an  asymptotic  homogenization  model  pertaining  to  a  thin  composite  shell 
reinforced with an arbitrary number of families of mutually parallel reinforcing elements is derived, 
see Fig. 3. The reinforcements are made of generally orthotropic, homogeneous material and are 
assumed  to  be  much  stiffer  than  the  surrounding  matrix  which  is  a  logical  assumption  from  a 
practical viewpoint. As such, we may neglect the contribution of the matrix in the ensuing analysis.  
   10 
 
Figure 3:  Composite shell with two families of orthotropic reinforcements 
 
From the nature of the reinforced structure of Figure 3, it is seen that it would be prudent to first 
consider a simpler type of shell with only a single family of reinforcements. After dealing with this 
situation,  the  effective  elastic  coefficients  of  more  general  structures  with  several  reinforcement 
families can readily be determined by superposition.  
Before proceeding to the next section we note here that the matrix [C] of elastic coefficients of an 
orthotropic material referenced to a coordinate system which has been rotated by an angle φ of a 
reinforcing  grid orientation  (in the  ξ1-ξ2  plane)  with  respect  to  the  principal  material  coordinate 
























66 36 26 16
55 45
45 44
36 33 23 13
26 23 22 12
16 13 12 11
C 0 0 C C C
0 C C 0 0 0
0 C C 0 0 0
C 0 0 C C C
C 0 0 C C C
C 0 0 C C C
C                            (18)
 
 
              
3.1 Evaluation of the local functions
kl
ij b  for a single reinforcing orthotropic grid  
  Consider the unit cell of Fig. 4 shown both before and after the introduction of the microscopic 
variables ξ1, ξ2, and z defined by Eq. (5). After this coordinate transformation, the unit cell changes 
shape and the angle between the reinforcement and the ξ1 axis changes to φ′ through the following 
relationship readily obtained from Eq. (5): 
Orthotropic 












1 2                                                        (19) 
We begin by first solving for 
λµ
ij b  from Eq. (12). These local functions are given as follows for an 



















































































































































































































































































































































C b                                      (20f) 
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Figure 4:  Unit cell in microscopic (ξ1, ξ2, z) and macroscopic (α1, α2, γ) variables 
 
  In order to reduce the complexity of the associated problems, we will now introduce a new 
coordinate system { 3 2 1 η , η , η } obtained via rotation through an angle φ′ around the z axis, such that 
the η1 coordinate axis coincides with the longitudinal axis of the reinforcing element and the η2 
coordinate axis is perpendicular to it. With this transformation (see Fig. 5) it is evident that the 
problem  at  hand  is  now  independent  of  the  η1  coordinate  and  will  only  depend  on  η2  and  z. 
Consequently, the  order  of  the  differential  equations  is  reduced  by one,  and  the  analysis of  the 
problem is simplified. 
 
































































































∂ ′ − =
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′ − =                  (21f) 
 
and the unit cell problem and associated boundary condition (11a) can be rewritten in terms of the 
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where  ' n 2   and  ' n3 are  the  components  of  the  unit  vector  normal  to  the  lateral  surface    of  the 
reinforcement with respect to the {η1, η2, z} coordinate system, and the suffix “ℑ” stands for the 
matrix/reinforcement interface. We will now solve the system defined by Eq. (21) and associated 
boundary condition (22) by assuming that the local functions 
λµ
1 U  and 
λµ
2 U  are linear in η2 and are 
independent of z, whereas 
λµ





1 η A U =                                                                                                                   (23a) 
2
λµ λµ
2 η B U =                                                                                                                   (23b) 
z C U
λµ λµ





λµ  are  constants  to  be  determined.  Eqs.  (23a)-(23c)  are  substituted  into  the 
expressions (21a)-(21f) which allows the calculation of the aforementioned constants in conjunction 
with  Eq. (22b). After solving pertinent system of algebraic equations the results are then back-
substituted into Eqs. (21a)-(21f) to yield the following formulas for the local  functions
ij
kl b : 
[ ] [ ] [ ]
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Λ + Λ Λ + Λ Λ − Λ Λ + Λ Λ + Λ Λ
=
µ µ µ µ               (24a) 
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=              (24c) 






13 = = =                                                                                                        (24d)                                                                                  
where quantities Λ1, Λ2, …, Λ9 are given below in Appendix A. We now turn our attention to the 
local functions
kl *
ij b . 
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3.2 Evaluation of the local functions 
λµ
ij b
∗  for a single reinforcing orthotropic grid 
 
  We  begin  by  expanding  Eq.  (13),  keeping  Eq.  (18)  in  mind  as  well  as  the  coordinate 
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∗               (25f) 
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Since the local functions 
kl
ij b
∗  are related to bending deformations, it is expected that the pertinent 
solution  will  depend  on  the  shape  of  the  reinforcing  elements  (unlike  the  corresponding 
kl
ij b  
coefficients). Indeed, the presence of the z coordinate in Eqs. (25a)-(25f) implies exactly that. From 
the practical viewpoint, let us assume that the reinforcing elements have a circular cross-section. 
From  the  coordinate  transformation  in  Eq.  (5)  we  note  that  the  cross-section  will  change  from 
circular to elliptical except in the particular case when h1 = h2 and A1 = A2 whereby the cross-section 

















































 ′ + ′
− =             (27) 
As well, the components  ' n2  and  ' n3  (clearly 0 ' n1 = ) of the unit vector normal to the surface of the 
reinforcing element are:  
 
( ) [ ]
1 2
2 2 e' 1 η ' n
−
− =  and  z ' n3 =                                                                                        (28)  
 
  It is possible to satisfy the differential equation (26a) and boundary conditions (26b) by assuming 
that the functions 
jk





















ij W are constants to be determined. The determination of the local functions 
kl
ij b
∗  follows in a 
straight-forward, albeit algebraically tedious manner. Keeping Eqs. (27) and (28) in mind, we first 
substitute Eq. (29) into Eqs. (26a) and (26b) and calculate constants
kl
ij W  by comparing terms with 
like powers of η2 and z. Once the 
kl
ij W  functions are determined, they are substituted in Eq. (29) and 




∗ . As a result, the final expressions for the functions 
λµ
11 b
∗ ,  
λµ
22 b
∗ , and 
λµ
12 b
∗  are found: 












11 zB b ; zB b ; zB b = = =
∗ ∗ ∗                                                                  (30) 
where 
5 4 2 1
3 2 6 5 λµ
11 B
∑ ∑ − ∑ ∑
∑ ∑ − ∑ ∑
=                                                                                                    (31a)
 
5 4 2 1
6 1 4 3 λµ
22 B
∑ ∑ − ∑ ∑
∑ ∑ − ∑ ∑














B + =                                                                                 (31c) 
 
The explicit expressions for  6 2 1 , , , ∑ ∑ ∑ K which depend on the geometric parameters of the unit cell 
and the material properties of the reinforcements are given below in Appendix B. Before concluding 
this  section,  let  us  note  that  the  material  elastic  coefficients  Cijkl  in  Eqs.  (18)-(31),  and  in  the 
expressions in the appendices are referenced to the {αi} coordinate system. The relationship between 
these  coefficients  and  the  coefficients  referred  to  the  principal  material  coordinate  system  is 
expressed in terms of the familiar tensor transformation equation for a 4
th-order tensor,  
(p)
mnqp lq kp jn im ijkl C a a a a C =                                                                                                   (32) 
where 
(p)
ijkl C  represent the elastic coefficients of the material of reinforcements with respect to their 
principal material coordinate system and the aij coefficients are the direction cosines between the αi 
and the ηj axes.  
 
3.3 Calculation of effective elastic coefficients  
  The effective elastic coefficients for the reinforced generally orthotropic composite shell of Fig. 4 
can be calculated by means of expressions (24a)-(24d), (30), (31a)-(31c) and the homogenization Eq. 
(8).  Let  V δ
3 be  the  volume  of  one  reinforcing  element  within  the  unit  cell  of  Fig.4.  Then,  the 
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0 b
λµ *








zb =                                                                                                 (33d) 
 
The corresponding results for the composite shells reinforced by more than one family of orthotropic 
reinforcements can be obtained from Eqs. (33a)-(33d) by superposition. In doing so, we accept an 
error incurred due to stress variations at the regions of overlap of the reinforcements. However, this 
error is small and will not contribute significantly to the integral over the volume of the unit cell.  
 
4. Examples and discussion. Composite Grid structures with orthotropic reinforcements 
 
The mathematical model and methodology presented in Section 3 can be used in analysis and 
design to tailor the effective elastic coefficients of the above reinforced composite shell to meet the 
criteria of a particular application, by selecting the appropriate shape of the shell as well as the type, 
number,  orientation  and  geometric  characteristics  of the  reinforcements.  In  this section,  we  will 
apply our general solution to different composite shells and plates. In the first example we will 
consider a general composite shell reinforced with isotropic reinforcements. In the second example 
we will consider a special case of a cylindrical shell. In the context of this example, we will also 
obtain close-form expressions for the effective elastic properties of the single-wall carbon nanotubes 
(SWCNT).  In  the  third  example  we  will  consider  general  multi-layered  composite  shells  and 
illustrate our results with a typical 3-layer cylindrical shell. Finally, we will observe how our model 
can be used to derive the effective elastic coefficients of grid-reinforced composite plates. Without 
loss of generality, we will assume in these grid examples that all reinforcements have similar cross-
sectional areas and that they are made of the same material. If desired however, the model allows for 
each family of reinforcements to have specific geometric and material properties. 
 
4.1 Example 1: Convergence of model for the particular case of isotropic reinforcements 
 
In the case of isotropic reinforcements our results converge to those obtained by Kalamkarov [19]. 
The non-zero results are: 
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ν 1 sin 2cos sin A - cos A
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         (34b) 
 
In Eqs. (34a) and (34b), E and ν are the Young’s modulus and Poisson’s ratio respectively of the 












sin A cos A Θ
+ Θ = Ψ
ϕ + ϕ =
                                                                                               (34c) 
 
4.2 Example 2: Thin cylindrical shell  
The second example represents a cylindrical composite shell (i.e. we can assume that A1=A2=1) 
reinforced  with  a  single  family  of  reinforcements  parallel  to  the  longitudinal  axis  of  the  shell 
(
0 0 φ = )  as  shown  in  Fig.  5.    The  effective  elastic  coefficients  of  this  structure  can  readily  be 
determined from Eqs. (33a)-(33d) with the use of solutions (24), (31) and Appendices A and B. 
Although the resulting expressions are too lengthy to be reproduced here, typical coefficients will be 
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Table 1: Reinforcement Properties (Gibson, [41]) 
Property  Value 
E1   152 GPa 
E2=E3   4.1 GPa 
G12=G13   2.9 GPa 
G23   1.5 GPa 
ν12 = ν13 = ν23  0.35 
 
 
Figure 6: A cylindrical composite shell with a single family of orthotropic reinforcements 
 
Fig. 7 shows a typical plot for the variation of 
11
11 b  and 
12
12 zb
∗  with R for the reinforced shell 
of Fig. 6. The quantity R is the ratio of the volume of one reinforcing element within the unit cell to 
the volume of the unit cell itself. In other words, R is the volume fraction of the reinforcements and 
can be expressed as:  
 







R = =                                                                                                         (35) 
 
As expected, both the bending and extensional stiffnesses in the direction of the reinforcements 
increases with an increase in the volume fraction. Clearly, all effective coefficients can be modified 
to  fit  different  requirements  by  changing  either  the  geometrical  characteristics  of  the  shell  and 
reinforcements, or by changing the type and number of reinforcement families.   21 
 
Figure 7: Plot of 
11
11 b  and 
11
11 zb
∗  elastic coefficient vs. R, volume fraction of reinforcement for a 
cylindrical composite shell reinforced with a single family of orthotropic reinforcements 
 
 
  Of particular interest in the context of cylindrical grid-reinforced shells is the case of single-
walled carbon nanotubes (SWCNTs). Carbon nanotubes are a recently discovered allotrope of carbon 
comprising of long-chained molecules of carbon with carbon atoms arranged in a hexagonal network 
to form a tubular structure. They are classified as single, double or multi-walled depending on the 
number of walls (or tubules of carbon). Typically, the nanotubes are about 20 to 150 angstroms in 
diameter and about 1000 to 2000 angstroms in length.  











11 b    22 
 
Fig. 8:  Schematic representation of a single-walled carbon nanotube. 
 
  As Fig. 8 shows, the periodic nature of SWCNTs makes them particularly amenable to study by 
asymptotic homogenization techniques and the micromechanical model developed in this paper. Fig. 
9 shows the unit cell of a SWCNT in the so-called “arm-chair” configuration. 
 
Fig. 9: Periodicity cell of SWCNT  
 
With the help of Eq. (6) and the general results in Eqs. (34a) and (34b) the closed-form expressions 
for the effective longitudinal and shear moduli of the SWCNT are found to be, see Kalamkarov et al. 
[42]: 
2 α
1 α  
2 δ
δ
2 l  



































12                                                                                  (36b) 
                                                                                 
Here E represents the Young’s modulus equivalent of the effective covalent bond between the carbon 
atoms and coefficients l and δ are defined in Fig. 9. Using typical values of 
2 6 nm / N 10 488 . 5 E
− × = , 
147 . 0 = δ nm,  142 . 0 = l nm, see Kalamkarov et al [42], the effective Young’s and shear moduli of 
SWCNTs are determined to be 1.71 TPa and 0.32 TPa respectively. These figures compare favorably 
with  the  results  of  other  researchers  who  used  experimental  or  numerical  techniques  in  their 
analyses.  
 
4.3 Example 3: Layer grid-reinforced generally orthotropic composite shell 
In this example we will analyze a composite shell formed by N layers (see Fig. 10), each layer 
reinforced with a single family of orthotropic reinforcements. The reinforcements are not shown in 
Fig. 10 for clarity.  
 
 
Fig. 10: Composite multi-layered shell with each layer reinforced with a single family of 
orthotropic reinforcements. 
 
Here we assume that the family of reinforcements in the j
th layer of the shell makes an angle  j φ  
with the coordinate line  1 α , and the distance between the axis of the j
th reinforcement from the   24 




Fig. 11: Composite N-layered reinforced shell  
 
One may derive the expressions for the effective properties in a similar way as demonstrated in 
Section 3 after modifying the unit cell problems in Eqs. (12) and (13) by replacing z with j a z + ′ . The 
procedure, though  algebraically  tedious,  is  straightforward.  The  final results  show that  the  local 
functions 
kl
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ij B  are given by Eqs. (24) and (31a)-(31c) after replacing, in these equations as well 
as in the expressions in Appendices A and B,  φ tan  with  j φ tan and 
λµ
mn C  with  ( )
λµ
j mn C . Finally, the 
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j = 1 





j = N 
δaN 
.  .  .  .  .   25 





γ =                                           
(39) 
 
We will now illustrate our work by considering a 3-layer composite shell made of reinforced 
with orthotropic reinforcements oriented at φ = 60
o, φ = 90
o, and φ = 120
o as shown in Fig. 12. The 
effective elastic coefficients are readily obtained from Eqs. (38a)-(38c) and although the resulting 
expressions  are  too  lengthy  to  be  reproduced  here,  some  of  the  effective  coefficients  will  be 
presented  graphically.  We  will  assume  that  the  shell  layers  are  cylindrical  and  that  the 
reinforcements have properties given in Table 1 [41].  
 
 
Fig. 12. Unit cell for 3-layer composite shell 
 
Fig. 13 shows the variation of 
11
11 b and 
22
22 b  effective elastic coefficients vs.  j γ . Without loss of 
generality, we assume that the reinforcement volume fraction is the same in each of the three layers. 
As expected, the extensional stiffness for the shell is larger in the α2 direction than in the α1 direction 
because there are more reinforcements either entirely (middle layer) or partially (top and bottom 
layers) oriented in the α2 direction. For the same reasons, the bending stiffness in the α2 direction is 
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Fig. 13. Plot of typical extensional effective elastic coefficients vs. reinforcement volume fraction 
























22 b  
11
11 b  
Reinforcement volume fraction, γj   27 
4.4 Example 4: Thin composite plates with generally orthotropic reinforcements 
  As a final example, we will now apply the obtained general results for the case of a thin plate 
reinforced with a grid of generally orthotropic reinforcements. An example of such a structure is 
shown in Fig. 15.  
 
 
Fig. 15. Composite plate reinforced with a network of orthotropic bars. 
   
The effective coefficients for the grid-reinforced plate can readily be obtained from Eqs. (24a)-(24c), 
(30), and (31a)-(31c) by letting A1=A2 =1. The results are too lengthy to reproduce here, but for 
illustration purposes we will compare graphically some of the effective coefficients pertaining to the 
two structures shown in Figs. 16 and 17.  
 
Figure 16: Thin reinforced composite plate (structure S1) with orthotropic reinforcements arranged 
at angles φ = 0










Reinforcements   28 
The  structure  of  Fig.  16  consists  of  two  mutually  perpendicular  families  of  orthotropic 
reinforcements (φ = 0
o and φ = 90
o) forming a rectangular reinforcing grid. For convenience, this 
structure will  be referred  to in  the  sequel  as  S1.  The  structure  of  Fig.  17  has  three  families  of 
orthotropic reinforcements oriented at φ = 45
o, φ = 90
o, and φ = 135
o forming a triangular reinforcing 
grid.  This structure will be referred to as S2. The unit cells of S1 and S2 are also shown in Figs. 16 
and 17. In the ensuing plots, we will assume that the reinforcements have the elastic properties 
shown in Table 1. The different effective coefficients will be plotted vs. R, see Eq. 35.  
 
Figure 17: Thin grid-reinforced composite plate (structure S2) with reinforcements arranged at 
angles φ = 45
o, φ = 90
o, and φ = 135
o. 
 
Figure 18.  Plot of 
11
11 b  elastic coefficient vs. volume fraction of reinforcements R for structures 







11 b  
MPa 
2 1h h
V R =   
S1 
S2   29 
Fig. 18 shows the variation of 
11
11 b  with R for the two structures. It can be observed that the 
stiffness in the ξ1 direction is larger for S1 than S2 because S1 has more reinforcements oriented in 
the ξ1 direction. S2 has an overall larger number of reinforcements, but one of them is oriented 
entirely in the ξ2 direction and therefore makes no contribution to the stiffness in the ξ1 direction, 
while the other two are oriented at an angle to the ξ1 axis and therefore only partially contribute to 
the value of 
11
11 b . For the same reasons, we expect that the trend in the ξ2 direction will be reversed 
and that S2 should be stiffer. Indeed, Fig. 19 shows precisely that.  
 
 
Figure 19. Plot of 
22
22 b  elastic coefficient vs. volume fraction of reinforcements R for structures S1, 
and S2. 
 
Similar considerations hold for the remaining effective coefficients. Fig. 20 shows the variation 
of 
*11
11 zb  with R for S1 and S2. We note that this coefficient characterizes the bending stiffness of 
the composite plate in the ξ1-z plane. On the basis of the arguments given above, the value of the 
*11
11 zb  coefficient is higher for S1 than S2. It is important to note however that all of these trends 
and characteristics can be easily modified by changing the size, type, angular orientation etc. so that 
the desirable elastic coefficients are obtained to conform to a particular application. 
22




V R =    30 
 
Figure 20. Plot of 
11
11 zb




  The method of multiscale asymptotic homogenization was used to analyze thin composite shells 
with  an  embedded  grid  of  arbitrarily  arranged  generally  orthotropic  reinforcements.  The  use  of 
generally orthotropic constituents renders the analysis more complicated than with simply isotropic 
reinforcements,  but significantly  enhances  the  applicability  of  the  model.  The  original  boundary 
value problem for a 3D thin composite layer decouples into two simpler problems; one of them is a 
global problem for a homogenized shell and the other is a set of unit cell problems. One unit cell 
problem deals with in-plane and another with out-of-plane bending and twisting deformations. The 
solution of the unit cell problems permits the calculation of the effective elastic coefficients of the 
homogenized shell. These coefficients are universal in nature and can be used to study a wide variety 
of static and dynamic problems associated with a given reinforced structure. It is shown that in the 
limiting case in which the shell reduces to a thin plate with periodicity in the two in-plane orthogonal 
directions, the derived model converges to that of previous models obtained in this particular case, 
[19, 30, 31]. 
11
11 zb
∗  MPa  S1 
S2 
2 1h h
V R =    31 
  The developed model is illustrated by means of several examples including cylindrical reinforced 
shells, single-walled carbon nanotubes, multi-layered shells, and rectangular and triangular network-
reinforced thin composite plates. In the case of carbon nanotubes, closed-form expressions for the 
longitudinal (ENT) and shear (GNT) moduli are obtained. In the case of multi-layered shells and grid-
reinforced plates, it is shown that the model can be used to tailor the effective elastic coefficients of 
the structures to conform to any application by changing some material or geometric parameters of 
interest such as the type, number, dimensions and angular orientation of the reinforcements.  
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The following expressions for constants Λ1, Λ2, …, Λ9 entering Eqs. (31a)-(31c) are derived:  
 
( ) ( )
( ) ( )









ϕ + + ϕ




















2 26 11 2 1
1 tan h A h A
C tan A C C A C C tan A A
C C A C C tan A C C tan A A
Λ                                      (A.1) 
( ) ( )
( ) ϕ +










66 2 13 26 1 13 16 2 36 12 1 36
2
tan h A h A
C tan A C C A C C tan A C C A C
Λ                               (A.2)   32 
( ) ( )
( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )






































2 66 26 36 11
3 3
2
36 26 22 11 2
2
1 66 26 36 12 2
2
1
66 23 26 16 2
2
1 66 23 26 11
2 2
2 1
66 36 22 11
2 2
2 1 66 23 16 12
2 2
2 1







26 22 13 16 2
2



















36 26 16 12
2 2




66 23 12 2
2











1 66 26 23 12
3















C tan A A h h tan h A h A
C C C tan A C C C C tan A A
C C C tan A A C C C tan A
C C C tan A A C C C tan A A
C C C tan A C C C C tan A
C C C C tan A A C C C C tan A A
C C C C tan A A C C C C tan A 2A
C C C C tan A A C C C C tan A A
C C C C tan A C C C tan A A
C C C C tan A A C C C C tan A
C C C tan A A C C C C tan A 2A
C C C tan A A C C C tan A A
C C C C tan A A C C C C tan A A
C C C tan A A C C C C A C C C A
C C C A C C C C A C C C C A C C A























































+ ϕ + ϕ
+ ϕ + ϕ
+ ϕ + ϕ
+ ϕ + ϕ −
ϕ − ϕ
+ ϕ − ϕ
− ϕ − ϕ
− ϕ − ϕ
− ϕ − ϕ
− ϕ − ϕ
− ϕ + ϕ
+ ϕ + +
+ + − −
− ϕ + ϕ
































2 1 66 2







2 1 66 2
12 26 23 1
4
h h A





h h C tan A
C C C A
h h A





h h C tan A
C C C A
Λ                       (A.4) 
( ) ( )

































2 1 66 2
36 22 26 1
2 1
23 26










C C tan A
h h C
C C
h h C tan A
C C C A
h h
C 2C
h h C tan A
C C A
Λ                      (A.5) 
( ) ( )





























66 2 1 2
12 36 26 1
2 1
26 13










C C tan A
h h C
C C C
C h h tan A
C C C A
h h
C 2C
C h h tan A
C C A
Λ                   (A.6)   33 
( ) ( )
( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( )





























ϕ + ϕ − ϕ +
ϕ + ϕ − ϕ −
ϕ − ϕ
+ ϕ + ϕ
− ϕ + +
− + + − −
− = Λ
26 13 1 66 13 2




























36 11 23 2 1 36 12 13 2 1
26 11 33 2 1 16 12 33 2 1
13 16 23 2 1 36 26 13
2





1 12 33 66
2








C C A C C tan A
C C tan A C A C
tan h A h A
C C tan A C C C tan 2A C C tan A
C C tan A C C C tan A C C tan A A
C C C tan A A C C C tan A A
C C C tan A A C C C tan A A
C C )C tan( A A C C C A C C C A
C C C A C C C A C C C A C C A
                (A.7) 
( ) ( )
( ) ( ) 26 13 1 66 13 2 36 16 2 36 12 1
33 12 1 23 13 1 13 36 2 16 33 2
8 C C A C C tan A C C tan A C C A
C C A C C A C C tan A C C tan A
Λ
− ϕ + ϕ −
− + ϕ − ϕ
=                               (A.8) 
( ) ( )
( ) ( ) 26 13 1 66 13 2 16 36 2 36 12 1
26 33 1 66 33 2
2
36 2 36 23 1
9 C C A C C tan A C C tan A C C A
C C A C C tan A C tan A C C A
Λ
− ϕ + ϕ −
− ϕ + ϕ −



















11 23 2 1 2 1
6 8 5 6 4
3
3 8











Φ B Φ B
Φ Φ C h A tan h A
Φ C tan h h A 2A
  B Φ B Φ B
Φ
B Φ
B Φ B Φ














11 10 5 9 4
3
10 10




B B − Φ − Φ +
Φ
Φ
− Φ − Φ = ∑                                   (B.2) 













33 11 23 2 1










11 23 2 1 2 1
1
7 33
6 10 5 9 4
3
3 10
10 2 1 9 4
Φ Φ C h A tan h A
C Φ C tan A 2A
        
  Φ B Φ B
Φ Φ C h A tan h A
Φ C tan h h A 2A
        
h
B C
B Φ B Φ B
Φ
B Φ






+ − − + + + = ∑













11 8 5 6 4
3
10 8
6 9 6 8 5
h A tan h A
A
B Φ B Φ B
Φ
B Φ
Φ B Φ B
+ ϕ
+ − + − − = ∑               (B.5)   34 
[ ]


















19 33 2 1
19 10 18 9 17 10 16 10 15 9 14 13 9 6
h A tan h A
C tan A 2A
h A tan h A
B C tan A 2A
        







− − + + − = ∑














13 12 2 26 13 1 23 11 2 16 23 1 2 1
1
tan h A h A
C C tan A C C A C C tan A C C A h h
                     (B.7) 
( )
ϕ +










13 26 2 22 13 1 23 16 2 12 23 1 2 1
2
tan h A h A
C C tan A C C A C C tan A C C A h h
















ϕ + ϕ −
+ ϕ − ϕ +
− ϕ + ϕ − −
ϕ − ϕ +
















2 23 16 12 2 1 66 23 12
2
1







26 23 11 2 1 66 23 11
2 2







3 tan h A h A
C C C tan A C C C tan A A C C C A
C C tan A C C C tan A A C C C A
C C C tan A A C C C tan A C C A
C C C tan A A C C C tan A C C C A
h h
















ϕ + ϕ − +
ϕ − ϕ + −
ϕ + ϕ − −









ϕ + ϕ −











2 16 23 12 2 1 66 23 12
2
1







26 23 11 2 1 66 23 11
2 2








22 11 2 1
2







C C C tan A C C C tan A A C C C A
C C tan A C C C tan A A C C C A
C C C tan A A C C C tan A C C A
C C C tan A A C C C tan A C C C A
C C tan A C C tan A
C C tan A A C tan A A C C A C C A
C
Φ                     (B.10) 
ϕ +















5 tan h A h A
C tan A 2A C tan A C A
Φ                                                             (B.11) 
















ϕ + ϕ + ϕ −
ϕ − + ϕ + ϕ +


































































C cos h A A -
C cos h A C cos h A A C cos h A A
C cos h 2A C h A C cos h A C cos h A A
C cos sin h A 2A - C cos sin h A 2A C cos sin h A 2A
cos A C C C A
Φ   (B.12) 
 















ϕ + ϕ −
+ ϕ − ϕ +
− ϕ + ϕ −
















































− ϕ ϕ + +
ϕ +
+ ϕ ϕ + −
ϕ ϕ + +
ϕ ϕ +
− ϕ +
− ϕ ϕ +
+ ϕ + ϕ −
+ ϕ − ϕ +
− ϕ + ϕ −











2 16 23 12 2 1
66 23 12
2







1 26 23 11 2 1 66 23 11
2 2
2 26 16 23
2
1


























































































2 16 23 12 2 1
66 23 12
2







1 26 23 11 2 1 66 23 11
2 2




C C C tan A C C C tan A A
C C C A C C tan A C C C tan A A
C C C A C C C tan A A C C C tan A
C C A C C C tan A A C C C tan A C C C A
C C C tan A A tan h A h A
C C C tan A tan h A h A
C C A tan h A h A
C C C tan A A tan h A h A
C C C tan A A tan h A h A
C C C tan A tan h A h A
C C C A tan h A h A
C C C tan A A tan h A h A
C C C tan A C C C tan A A
C C C A C C tan A C C C tan A A
C C C A C C C tan A A C C C tan A
C C A C C C tan A A C C C tan A C C C A
      (B.13) 
















ϕ + ϕ + ϕ −
ϕ − + ϕ + ϕ +




































































C cos h A A -
C cos h A C cos h A A C cos h A A
C cos h 2A C h A C cos h A C cos h A A
C cos sin h A 2A - C cos sin h A 2A C cos sin h A 2A
cos sin A C C C A A












13 2 36 1
9
tan h A h A
C tan A C A












36 2 23 1
10
tan h A h A
C tan A C A










ϕ − ϕ + −
ϕ − + ϕ











2 16 12 2 1 66 12
2
1








11 tan h A h A
C tan A C C tan A A C C A
C C tan A A C C A C C tan A
h h















ϕ + ϕ −
+ ϕ − ϕ +
− ϕ + ϕ −






















+ ϕ − ϕ − ϕ +
ϕ − ϕ + ϕ +
ϕ − ϕ + ϕ
− + + − −











2 16 12 23 2 1
66 12 23
2






1 26 11 23 2 1 66 23 11
2 2
















12 36 2 1 26 12 13 2 1 36 11 22 2 1
16 22 13 2 1 16 12 23 2 1 26 11 23 2 1
12 26 36
2
1 16 26 23
2









1 66 23 12
2
1 66 13 12
2 2




C C C tan A C C C tan A A
C C C A C C tan A C C C tan A A
C C C A C C C tan A A C C C tan A
C C A C C C tan A A C C C tan A C C C A
C C C tan A
C C C tan A C C tan A C C C tan A
C C tan A A C C C tan A A C C C tan A A
C C C tan A A C C C tan A A C C C tan A A
C C C A C C C A C C C A C C A
C C C A C C C A C C C tan A C C C tan A












23 2 1 1 66 2 1 2
13
tan h A h A
C h h A C tan h h A












16 2 1 2 66 2 1 1
14
tan h A h A
C tan h h A C h h A














1 tan h A h A













13 23 2 1 2 1
2 tan h A h A




=  ;                             (B.21)           

























14 23 2 1 2 1
3 tan h A h A
h h tan A
tan h A h A
C h h A 2A






































6 C tan h A h A
tan h h A 2A
Φ C tan h A h A







=  ;   (B.23) 






















7 C tan h A h A
tan h A 2A
Φ C tan h A h A


































13 13 2 1 2 1
9 tan h A h A




=  ;                             (B.25)      

























14 13 2 1 2 1
10 tan h A h A
h h A
tan h A h A
C h h A 2A
B                                                     (B.26)         37 






















11 tan h A h A
h h A 2A
C tan h A h A
h h A
B





=                               (B.27)                






















12 tan h A h A
h A 2A
C tan h A h A
h A
B
















13 22λ 13 11λ 23 2 1 2 1
13 tan h A h A
C C C C tan h h A 2A
B
Φ ϕ +
Φ + − ϕ
=










12λ 7 2 1 2 1
14 Φ tan h A h A
















14 22λ 13 11λ 23 2 1 2 1
15 tan h A h A
C C C C tan h h A 2A
B
Φ ϕ +
Φ + − ϕ
=










12λ 1 2 1 2 1
16 tan h A h A














36 7 2 1 2 1
17 tan h A h A














36 1 2 1 2 1
18 tan h A h A




=                                                                                     (B.33) 
( )
12 4 13




































   38 
References: 
[1]   Hashin Z. The elastic moduli of heterogeneous materials. J Appl Mech 1962;29:143. 
[2]  Hashin  Z,  Rosen  BW.  The  elastic  moduli  of  fiber-reinforced  materials.  J  Appl  Mech 
1964;31:223-232. 
[3]   Hill R. A self-consistent mechanics of composite materials. J Mech Phys Solids 1965;13:213-
222. 
[4]   Budiansky B. On the elastic moduli of some heterogeneous materials. J Mech Phys Solids 
1965;13:223-227. 
[5]   Hershey AV. The elasticity of an isotropic aggregate of anisotropic cubic crystals. J Appl Mech 
1954;21:236-240 
[6]   Sendeckyj GP. Ed. Mechanics of composite materials. New York: Academic Press; 1974. 
[7]   Hashin Z. Theory of fiber reinforced materials. NASA CR-1974.  
[8]    Hashin Z. Analysis of composite materials: a survey. J Appl Mech 1983;50:481-505.  
[9]   Vinson  JR, Sierokowski  RL.  The  behavior  of  structures  composed  of  composite  materials. 
Nijhoff, Dordrecht: Kluwer Academic Publishers; 1986. 
[10]  Milton GW, Kohn RV. Variational bounds on the effective moduli of anisotropic composites. J 
Mech Phys Solids 1988; 36:597-629.  
[11]  Christensen RM. A critical evaluation for a class for a class of micromechanics models. J Mech 
Phys Solids 1990;38:379-404. 
[12]  Tsai SW. Theory of Composites Design. Dayton, OH: THINK Composites; 1992. 
[13]  Vinson JR. The behavior of shells composed of isotropic and composite materials. Dordrecht: 
Kluwer Academic Publishers; 1993. 
[14] Vasiliev VV. Mechanics of composite structures. Washington, DC: Taylor & Francis; 1993. 
[15]  Nemat-Nasser  S,  Hori  M.  Micromechanics  overall  properties  of  heterogeneous  solids. 
Amsterdam: Elsevier; 1993. 
[16]  Bensoussan  A,  Lions  JL,  Papanicolaou  G.  Asymptotic  analysis  for  periodic  structures. 
Amsterdam: North-Holland; 1978. 
[17]  Bakhvalov  N,  Panasenko  G.  Homogenisation:  Averaging  processes  in  periodic  media. 
Amsterdam: Kluwer Academic; 1984. 
[18]  Sanchez-Palencia E. Non-Homogeneous media and vibration theory. Berlin: Springer-Verlag; 
1980. 
[19] Kalamkarov AL. Composite and Reinforced Elements of Construction. Chichester: Wiley;1992.   39 
[20]  Kalamkarov AL, Kolpakov AG. Analysis, design and optimization of composite structures. 
New York: Wiley; 1997. 
[21] Cioranescu D, Donato P. An Introduction to homogenization. Oxford: Oxford University Press; 
1999. 
[22]  Duvaut G. Analyse fonctionnelle et méchanique des milieux continues. Proceeding of the 14
th 
IUTAM Congress, Delft 1976:119-132. 
[23]  Caillerie D. Thin elastic and periodic plates. Math Appl Sci 1984; 6:159-91. 
[24]  Kohn RV, Vogelius M. A new model for thin plates with rapidly varying thickness. Int J Solids 
and Struct 1984;20:333-350. 
[25]  Kohn RV, Vogelius M. A new model for thin plates with rapidly varying thickness, II: A 
convergence proof. Quart J Appl Math 1985; 43:1-22.  
[26]  Guedes  JM,  Kikuchi  N.  Preprocessing  and  postprocessing  for  materials  based  on  the 
homogenization method with adaptive finite element methods. Comput Methods Appl Mech 
Engrg 1990; 83: 143-198 
[27] Kalamkarov AL, Georgiades AV. Modeling of Smart Composites on Account of Actuation, 
Thermal Conductivity and Hygroscopic Absorption. Composites part B Eng 2002;33:141-152. 
[28]  Kalamkarov AL, Georgiades AV. Asymptotic Homogenization Models for Smart Composite 
Plates with Rapidly varying thickness: Part I-Theory. J Multiscale Comput Eng 2004;2(1):133-
148. 
[29]  Georgiades AV, Kalamkarov AL. Asymptotic Homogenization Models for Smart Composite 
Plates  with  Rapidly  varying  thickness:  Part  II-Applications.  J  Multiscale  Comput  Eng 
2004;2(1):149-172. 
[30]  Challagulla K, Georgiades AV, Kalamkarov AL. Asymptotic homogenization modeling of thin 
network structures. Compos Struct, 2007, in press. 
[31]  Georgiades  AV,  Kalamkarov  AL,  Challagulla  K.S.  Asymptotic  homogenization  model  for 
generally  orthotropic  reinforcing  networks  in  smart  composite  plates.  Smart  Mater  Struct 
2006;15(5):1197-1210. 
[32]  Georgiades  AV,  Challagulla  KS,  Kalamkarov  AL.  Modeling  of  the  thermopiezoelastic 
behavior of prismatic smart composite structures made of orthotropic materials. Composites: 
Part B 2006;37:569–582. 
[33]  Andrianov  IV,  Lesnichaya  VA,  Manevich  LI.  Homogenization  methods  in  the  statics  and 
dynamics of ribbed shells. Moscow: Nauka; 1985.   40 
[34]  Devries  F,  Dumontet  H,  Duvaut  G,  Lene  F.  Homogenization  and  damage  for  composite 
structures. Internat J for Numer Methods Engrg 1989;27:285-298. 
[35]  Georgiades  AV,  Kalamkarov  AL,  Challagulla  KS.  Micromechanical  analysis  of  smart 
composite structures with a periodic array of embedded actuators, CAN/COM 2003, Ottawa, 
Canada: July 2003. CD –ROM ID 063. 
[36]  Rodrigues-Ramos  R,  Sabina  FJ,  Guinovart-Diaz  R,  Bravo-Castillero  J.  Closed-form 
expressions  for  the  effective  coefficients  of  a  fiber-reinforced  composite  with  transversely 
isotropic constituents – I Elastic and square symmetry. Mech Mater 2001;33:223-235. 
[37]  Guinovart-Diaz R, Bravo-Castillero J, Rodrigues-Ramos R, Sabina FJ. Overall properties of 
piezoceramic material 1-3. Mater Lett. 2001;48:93-98. 
[38]  Bravo-Castillero  J,  Guinovart-Diaz  R,  Sabina  FJ,  Rodrigues-Ramos  R.  Closed-form 
expressions  for  the  effective  coefficients  of  a  fiber-reinforced  composite  with  transversely 
isotropic constituents – II Piezoelectric and square symmetry. Mech Mater 2001;33: 237-248. 
[39]  Challagulla  KS,  Georgiades  AV,  Kalamkarov  AL.  Asymptotic  homogenization  model  for 
Three-Dimensional  network  reinforced  composite  structures.  Journal  of  Mechanics  of 
Materials and Structures, accepted 2006. 
[40]  Reddy JN. Mechanics of laminated composite plates. New York: CRC Press; 1997. 
[41]  Gibson RF. Principles of Composite Material Mechanics. New York: McGraw-Hill; 1994. 
[42]  Kalamkarov AL, Georgiades AV, Rokkam SJ, Veedu VV, Ghasemi-Nejhad M. Analytical and 
Numerical  Modeling  of  Carbon  Nanotubes.  International  Journal  of  Solids  and  Structures 
2006;43(22-23): 6832-6854. 
 
 
 
 
 
 